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ABSTRACT. In this note we supply an elementary proof of the following well-known theorem of R. 
Stanley: the /i-vcctors of Gorenstein algebras of codimension 3 are Sl-sequences, i.e. are symmetric and 
the first difference of their first half is an O-sequence. 
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We consider standard graded artinian algebras A = R/I, where R = k[xi, ...,Xr], 
k is any field, the Xj's have degree 1 and / is a homogeneous ideal of R. Recall that the 
h-vector oi A is h{A) = h = {ho, hi, he), where hi = dim^ and e is the last index 
such that dimfc A^ > 0. Since we may suppose that I does not contain non-zero forms of 
degree 1, r = hi is defined to be the codimension of A. 

The socle of A is the annihilator of the maximal homogeneous ideal fn = {xi, ...,x^) C 
A, namely soc{A) = {a & A \ am = 0}. Since soc{A) is a homogeneous ideal, we 
define the socle-vector of A as s{A) = s = (sq, Si, Sg), where Sj = dimfcSoc(A)j. 
Note that Se = h^. > 0. The integer e is called the socle degree of A (or of h{A)). If 
s = (0, 0, 0, Sg = 1), we say that the algebra A is Gorenstein. 

The next theorem is a well-known result of Macaulay. 
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Definition- Remark 1. Let n and i be positive integers. The i-binomial expansion of 
n is 



uA I ni_i \ , In 
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where ni > ni-i > ... > nj > j > 1. 

Under these hypotheses, the i-binomial expansion of n is unique (e.g., see [BH], Lemma 
4.2.6). 

Furthermore, define 

Theorem 2 (Macaulay). Let h = (/ii)j>o be a sequence of non-negative integers, such 
that ho = 1, hi — r and hi — for i > e. Then h is the h-vector of some standard graded 
artinian algebra if and only if for every d, 1 < d < e — 1, 



Proof. See [BH]., Theorem 4.2.10. (This theorem holds, with appropriate modifica- 
tions, for any standard graded algebra, not necessarily artinian.) □ 

Let us now recall a few definitions. We denote by [xj, as usual, the largest inte- 
ger less than or equal to x. 

Definition 3. i). A sequence of non-negative integers which satisfies the growth 
condition of Macaulay 's theorem is called an O -sequence. 

ii). A vector of non-negative integers v — {vq,Vi, ...^v^) is differentiable if its first 
difference. 

At; = ((At;)o = 1, (At;)i ^v^- Vq, {/^v)d ^v^- va-i), 

is an 0-sequence. (It is easy to see that if v is differentiable, then v is itself an O- 
sequence.) 
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iii). An /i-vector h = {1, hi, he) is an Sl-sequence (named after Stanley and lar- 
robino), if it is symmetric with respect to | and if its first lialf, {1, hi, h^e^), is differ- 
entiable. 

The study of the possible Gorenstein /i-vectors is a central problem in Commutative 
Algebra. Initially, Stanley and larrobino (independently) conjectured that all Gorenstein 
/i- vectors (of any codimension r) are Sl-sequences. (See also Harima's paper [Ha] on the 
/i- vectors of Gorenstein algebras having the weak Lefschetz property.) 

The fact that Gorenstein /i-vectors are symmetric is well-known, and a theorem of 
Migliore-Nagel {[MN]) and Cho-Iarrobino {[CI]) shows that, in any codimension, an SI- 
sequence is always a Gorenstein /i-vector. 

The converse (that, as we just said, was conjectured to be true), instead has been 
proven false for r > 5. In particular, not even all Gorenstein /i- vectors are unimodal 
(i.e. they do not increase after they start decreasing). The first example of a Gorenstein 
algebra with a non- unimodal /i- vector was given by Stanley (see [Stl], Example 4.3), in 
codimension 13. Later, Bernstein-Iarrobino {[BI]), Boij-Laksov ([-Bi^]) and Boij ([-Bo]) 
exhibited many other non-unimodal Gorenstein /i-vectors of codimension 5 or greater. 

In codimension 4, we do not know whether or not all Gorenstein /i-vectors h are SI- 
sequences, nor even whether they must be all unimodal. There is, however, a remarkable 
result of larrobino and Srinivasan {[IS]) which shows that, if the entry of degree 2 of /i is 
less than or equal to 7, then h must be an Sl-sequence. 

Instead, in codimension 2, the conjecture that all Gorenstein /i-vectors are Sl-sequences 
is correct, as first observed by Macaulay ([Ma]), and is indeed an easy exercise assuming 
Macaulay's Theorem 2 and the symmetry of Gorenstein /i- vectors. 

In codimension 3, the conjecture still holds true, as shown by Stanley (see [Stl], Theo- 
rem 4.2). His proof is based on a deep structure theorem due to Buchsbaum and Eisenbud 
{[BE], Proposition 3.3). The purpose of the present note is to supply an elementary proof 
of this important result of Stanley. 
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Theorem 4. Let h be a Gorenstein h-vector of codimension 3. Then h is an SI- 
sequence. 



Before going into the proof we need to recall the following observation of Stanley: 

Remark 5 (Stanley). Let h = {1, hi, h^) be a Gorenstein h-vector. Then, for 
any index j > 1, there exists a Gorenstein h-vector {aj — 1, a^+i, Cg) such that the 
vector {l,hi, hj-i, hj — aj, ...,he — Oe) is an O -sequence. 

Proof. See [St2], bottom of p. 67. □ 

Proof of Theorem 4. Let h = {l,hi = 3, h2, he) be a Gorenstein /i-vector of 
codimension 3. We want to show that its first half is differentiable. By Remark 5 (with 
j — 1), there exists a Gorenstein /i- vector a — {ai — 1, 02, a^-i, Oe) such that 

(1, Ai = 2, A2 = /i2 - 02, ...,Ae = he- tte) 

is an O-sequence. Notice that, by this choice of the indices, a is symmetric with respect 
to in particular, 02 = cie-i < ^e-i — hi — 3. 

First we show that h is unimodal. Suppose it is not. We may assume, by induction, 
that e is the least socle degree for which there exists a non-unimodal Gorenstein /i-vector 
of codimension 3. Hence we have hi < hi^i for some i < |J . Since a is unimodal (by the 
induction hypothesis, if it has codimension 3), we have Aj < i + 1 (i.e. Aj is not generic). 
But 

Ae_(j_l) = he-(i-l) — a,e-(j-l) = ^i-l — tti > hi — Ui = Aj, 

a contradiction, since, by Macaulay's Theorem 2, an 0-sequence starting with (1,2,...) 
cannot increase after it is no longer generic. This proves that h is unimodal. 

Now we want to show that the first half of h is differentiable. We may suppose, by 
induction, that all Gorenstein /i- vectors of codimension 3 and socle degree lower than e are 

Sl-scquences. The differentiability of h is obvious as long as h is generic (i.e. hi = (^''^^)). 
Hence suppose that hi is not generic, for some i < |J . By Macaulay's theorem, we need 



to show that 

hi - hi_i < hi_i - hi_2- (1) 
Let us first consider the case Oj = (*^^) • We have 

I 2 I = '^j = a-e-{i-i) S rie-{i-i) = rii-i SI ^ I , 

and therefore hi-i = (*2^), i-e. /li-i is generic. Thus, (H)) becomes hi — (*2^) < ^, and this 
is true since hi < • This proves the theorem for = • 

Hence, let us assume from now on that < ('^^)- Suppose now that Aj_i is generic 



(i.e. Aj_i = i). Therefore ((T]) becomes 

+ Aj - ai_i - i < ai_i + i - ai_2 - {i - 1), 

which is true since Aj — i < 1 and Oj — aj_i < aj_i — ai_2, because Oj < (*2^) and a 
is an Sl-sequence (by induction, if it has codimension 3). This completes the proof for 
Ai_i = i. 

Hence let us suppose that Aj_i < i — Therefore Aj_i > Ae_(j-i) > Ae-(i_2), whence 

O'e-(i-l) ~ 0'e-{i-2) < ^e-(i-l) — ^e-(j-2)j 

i.e. 

ai - ai_i < hi^i - hi^2- (2) 

Similarly, Aj_i > Aj, i.e. 

hi - hi^i < ai - aj_i. (3) 
Thus, (0) follows from Q and (0). This proves the theorem. □ 
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